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Motivation

Task: represent 11 in base 3 over the alphabet {0, 1,2}, i.e., in

the form of '
Z a,-3’.
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Greedy algorithm: from left to right

11 11 2
2 3 _ 4 _ _ _

a;=0,n :2/3,a0:2,r0 =0.

(11)3 = 102
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Motivation

Greedy algorithm: from left to right
Division algorithm: from right to left

Rationals
000

Sg=11=8s1+a = a=2,51=3
$=3 =38s+a = a;=0,s=1
So=1=883+a = as=1,53=0

(11)3 =102

é % -representation

(e]o]e}



Motivation p-adic numbers Positive integers Negative integers Rationals CJ—Z %—representatiom

(o] le]e] 00000 [e]e]e} 00000 000 (e]o]e}

Division algorithm — negative numbers

Algorithm (Division Algorithm)
Given a positive s € N and an integer p > 1.
1. Putsg = s.
2. Fori=0,1,2..., define siy andaj € Ap ={0,1,...,p—1} by

Sj = PSj+1 + &.
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Division algorithm — negative numbers

Algorithm (Division Algorithm)
Given a positive s € N and an integer p > 1.
1. Putsg = s.
2. Fori=0,1,2..., define siy andaj € Ap ={0,1,...,p—1} by

Sj = PSj+1 + &.

So=—-1=3si+a = a =2, =-1
St=-1=3s,+a = a;=2,5=-1

(—1)g = ---222 = %2
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Division algorithm — negative numbers

Algorithm (Division Algorithm)
Given a positive s € N and an integer p > 1.
1. Putsg = s.
2. Fori=0,1,2..., define siy andaj € Ap ={0,1,...,p—1} by

Sj = PSj+1 + &.

So=—-1=3si+a = a =2, =-1
St=-1=3s,+a = a;=2,5=-1

(—1)g = ---222 = %2

We want:

1= 2%3".
i=0
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Division algorithm — rational input

Algorithm (Division Algorithm)
Given s € Z and an integer p > 1.
1. Putsg=n.
2. Fori=0,1,2... define s; 1 and aj € Ap ={0,1,...,p—1} by

Si = PSi+1 + a;.

Then

© .
5= ap
i=0
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Division algorithm — rational input

Algorithm (Division Algorithm)
Given § € Q and an integer p > 1.
1. Putsy=n.
2. Fori=0,1,2..., defines;,1 anda; € A, =1{0,1,...,p—1}
by
Si Sit1

TP

+ a;.

Then
S =
i Zaip
i=0
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Positive integers
000 00000

Division algorithm — rational base

p-adic numbers

Motivation
00000

oooe

Algorithm (Modified Division (MD) Algorithm)
Given § € Q and co-prime integers p > q > 1.

1. Putsg=n.
2. Fori=0,1,2... define s, 1 and a; € A, ={0,1,...,p—1} by

Then )
s_xa(pY
t_.zq<q>
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Division algorithm — rational base

Algorithm
Given § € Q and co-prime integers p > q > 1.
1. Putsg=n.

2. Fori=0,1,2... define s, 1 and a; € A, ={0,1,...,p—1} by

ﬂ Si+1
a7 =p—

+qa;.

Then
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What we study

We study representations of r-adic numbers (r prime) in the forms
2% 2% a(p) a( p\

S a9 550" S50

i>—iy q i>—iy g i>—i a\q i>—iy q q

with some jp e Nand g, € Ap ={0,1,...,p—1}.
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p-adic absolute value

Definition

Let p be a prime number.

The p-adic valuation vy, : 7.\ {0} — R is given by
n=p»"n with ptn.

The extension to the set of rational numbers, for x = £ € Q

Vo(X) = vp(a) — vp(b).
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p-adic absolute value

Definition
Let p be a prime number.
The p-adic valuation vy, : 7.\ {0} — R is given by
n=p»"n with ptn.
The extension to the set of rational numbers, for x = £ € Q
Vp(X) = vp(a) — Vp(b).

The p-adic absolute value on Q:

0 ifx =0,
X|p = )
p~ () otherwise.
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p-adic absolute value — examples

Example
v3(6)=1 = [6[3=3"",[1/6]3=3
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p-adic absolute value — examples

Example
v3(6)=1 = [6[3=3"",[1/6]3=3

W) =n = [py=p"—0asn— oo
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p-adic absolute value — examples

Example
v3(6)=1 = [6[3=3"",[1/6]3=3

wp')=n = |p"lp=p "—>0asn—

p= r/1 r’2 rk,q co-primetop =

&)

i ifr=nie{1,2,... Kk},
; >1 otherwise.
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Qp — the set of p-adic numbers |

The set of p-adic numbers Q, is defined as a completion of Q with
respect to | |p.

Theorem (Ostrowski)

Every non-trivial absolute value on Q is equivalent to the classical
absolute value | | or to one of the absolute values | |p, where p is
prime.
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Standard representation of p-adic numbers |

Theorem
Every x € Qp can be uniquely written as

X = ap ot tagtap+ap’+---+ap+--

= Z ap'

i>—i

witha; € A, ={0,1,...,p—1} and iy = —vp(x).
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Standard representation of p-adic numbers |l

Theorem
Let x € Qp. Then the standard representation of x is

1. uniquely given,
2. finite if, and only if, x € N,
3. eventually periodic if, and only if, x € Q.
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MD algorithm

Algorithm (MD algorithm)

Let s be a positive integer. Put sy = s and for all i € N:

gs; = pPSj+1 + a;.

Return 12 -expansion of s: < s >

p=---8oa14g.
qq q

1
q

CJ—Z % -representation

(e]o]e}
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£-expansion — properties

Q=

[Akiyama, Frougny, Sakarovitch, 2008]
o for g = 1 we get classical representation in base p,
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£-expansion — properties

Q=

[Akiyama, Frougny, Sakarovitch, 2008]
o for g = 1 we get classical representation in base p,

Tp

Lip={weA,|wis aa—expansion of some s € N}

Qo

1
aq
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%g-expansion — properties

[Akiyama, Frougny, Sakarovitch, 2008]
o for g = 1 we get classical representation in base p,

Tp

Lip={weA,|wis aa—expansion of some s € N}

Qo

1
aq

is prefix-closed,

[ ]
~ ~

Q= Q|-

[ ]
Qc Qo

is not context-free (if g # 1),
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T1» — tree of nonnegative integers

3

p
q

q

Children of the vertex n are given by }J(pn +a)eN,ac A
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MD algorithm — the negative case

Let s be a negative integer. The 1 2-expansion of s is

< 8§>1p=---aaja from the MD algorithm:
qq

So =S, QSj=PSj+1 + 4.
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MD algorithm — the negative case

Let s be a negative integer. The 1 2-expansion of s is
< 8§>1p=---aaja from the MD algorithm:
qq

So =S, QSj=PSj+1 + 4.

Properties of (s;);>o:
(i) (si)i=11s negative

(i) if 55 < —p= q,then s,<s,+1,
(iii) f—ﬁ < s; <0, then —ﬁ <si+1 < 0.
_p=1
P—q 0
————t——t——————t—t————
| o | |
——————— v TA e
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In which fields does it work?

We want:

Hence, if p = F'r2 ... rlk, the & B-expansion of s “works” only in
Qr,i=1,..., k. The speed of convergence is then ~ r—iik,
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——-expansmns of negative integers

Proposition
Let k be a positive integer, and denote B = { o= qJ Then:

(i) ifk < B, then < —k >1p=“b withb = k(p — q),
q
=“bw withw € AJ and b= B(p — q).

Jo]

EQ\

(ii) otherwise, < —k >1p
q

1
q
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——-expansmns of negative integers

Proposition
Let k be a positive integer, and denote B = { o= qJ Then:

(i) ifk < B, then < —k >1p=“b withb = k(p — q),
q
=“bw withw € AJ and b= B(p — q).

Jo]

EQ\

(ii) otherwise, < —k >1p
q

1
q
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T
p=3,g=2

— tree of negative integers

p
q

1
q

i g -representation
ooo
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Trees T

and Tip
q

Ql
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pand Tip
q qq

1
q

The trees T1, and T
q

1p are isomorphic if and only if
q

1 P
q q

Y ez ie,Bp-q) =p-—1
g (P—q)=p
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MD algorithm for rationals

Algorithm (MD algorithm)
Letx = 2, s,t € Z co-prime, s # 0, and t > 0 co-prime to p.
Put sy = s and for all i € N define s; 4 and a; € Ap by

Si+1
t

Si
q7 =p + a;.

Return the %g—expansion Of X: < X >1p=---apa1dy.
q

1
q
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(o] le]

Examples
X < X >1a§ (si)i>0) abs. values
p=3,g=2
5 2101 | 5,8,2,1,0,0, ... all
-5 “2012 | -5,-3,-2,-2,-2, ... | I3
1/4 201 | 11,6,4,0,0, ... all
11/8 w1222 | 11,2,-4,-8,-8,-8, ... RE
11/5 “(02)2112 | 11,4,1,-1,-4,-6,-4,-6, ... RE
p=30,qg=11
5 1125 5,1,0,0,... all
-5 “1985 | -5,-2,-1,-1,... I'l2,] 13, ] |5
1/7 [“(12215)23 13

111 15_51_3, '6, '5,...

| l2:] I3 ] ls
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MD algorithm — properties

For the sequence (s;);>1 from the MD algorithm we have:
(i) ifs>0andt=1,(s;);>1 is eventually zero,

(i) if s>0and t > 1, (s);>1 is either eventually zero or eventually
negative,

(iii) if s <0, (si)i>1 is negative,

(iv) if sy < —B=3t, then s; < sj41,

(v) if —5%271‘ < s; <0, then —g%;t < si41 < 0.
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MD algorithm — properties

For the sequence (s;);>1 from the MD algorithm we have:
(i) ifs>0andt=1,(s;);>1is eventually zero,

(i) if s>0and t > 1, (sj);>1 is either eventually zero or eventually
negative,

(iii) if s <0, (si)i>1 is negative,
(iv) if s < —E=Lt, then s; < si1,
(v) if ==t <'s; < 0,then —E=1t < §;4 < 0.

Proposition

Letx € Q. Then < x >1p is eventually periodic with period < g%:?t.
q

Ql=
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5 >-representation |

Definition
A left infinite word - - - a_g 1 1a_¢,, Lo € N, over Ap is a
1P _representation of x € Q; if a_y, >0orly=0and

q
00 k
_ a (P
=2 q<q>

Ql

with respect to | |,.

If the 1 2-representation is not finite (i.e., does not begin in infinitely
many zeros), then the sum converges if and only if r is a prime
factor of p.
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Number of 1 —-representatlons

Jk
Letp = r1 r2 I

Theorem
Letx € Q,, forsomeic {1,... k}.

1 P _representation
g. 00

() If k =1, there exists a unique lB-represent‘al‘ion of x in Qy,.

(i) Ifk > 1, there exist uncountably many * 7q P -representations of x

in Qr..
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g-representations of rational number

Q=

Theorem
Letx e Qandletiy,... I € {1,. k} ¢ < k, be distinct.

(i) There exist uncountably many 12-representations which work
in all fields Q, , . .. ,Q,,lZ

(iiy There exists a unique —-representat/on which works in all
fields Qp,, ..., Qp; name/y, the ——-expanSIon < X >p

(i) The 1 —-expans:on < X >1 e is the on/y representat/on
wh/ch is eventually per/od/c
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The other representations

za(®) a9 530 2509

i>—i
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Rationals q
8dbe

Negative integers
000

00000

Positive integers
000

The other representations

(3

p-adic numbers
00000

p

q

ai
q

D

q i>—ly q i>—iy i>—iy
rational base integer base
‘ %%—rcp. H é(—%)-rep. ‘ p-rep.
- -
e (i) R

<«—— finite conversion by finite sequential transducer

<- - - - » infinite conversion by on-line algorithm
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